TOPOLOGY OF A SYSTEM OF TWO QUADRATIC 
INEQUALITIES 



A. LERARIO 



Abstract. We study the topology of the set of the (spherical, projective and 
afHne) solutions of a system of two quadratic inequalities: we give explicit 
formulas for its Betti numbers and give some sharp estimates for them; we 
also give a bound linear in n for the topological complexity of the intersection 
of two quadrics in MP". We study the geometry of generic pencils of quadrics. 
We discuss some applications of the previous results. 

1. Introduction 

The main object of this paper wiU be pairs (q, K): 

q : M'" -> and X C 

where g is a homogeneous quadratic map and X is a closed polyhedral cone. 
Such a pair describes a system of two quadratic inequalities in the following sense: 
if we let K be defined by 770 < 0, . . . , 77; < for certain covectors 770, ■ • ■ , then the 
set q~^{A) coincides with the set of the solutions to the system r/oq < 0, . . . , rjiq < 0. 
Thus in principle the number of inequalities arising by presenting K as a polyhedral 
cone can be greater than two, and our definition is slightly more general, including 
also the cases of equalities. 

The previous setting naturally leads to the study of quadratic maps between vector 
spaces. Among all, the case of our interest, i.e. when the target space is two- 
dimensional, has some peculiar properties; in a certain sense the complexity of 
this case is one order less than the general case and we should expect all the 
computations to be simpler. To give an idea of this lower complexity consider a 
semialgebraic set X in MP" defined by k + 1 quadratic inequalities. If we let b{X) be 
the sum of the Betti numbers of X, the standard Oleinik-Petrovskii-Thom-Milnor 
boun43 would give b{X) < 0{2{k + 1))"+^, but the fact that X has quadratic 
equations allows to switch the numbers k and n in the previous inequality and to 
give the following bounc^: 

h{X) < 0(n + l)2('=+i) 

This evidence suggests that the number of quadratic inequalities defining our set, 
which appears at the exponent, gives a naive measure of its complexity and the case 
of two quadrics is thus the simplest to study (behind that of one single quadric). 
The effectiveness of this simplicity will become clear in a while. For the moment 



SISSA, Trieste. 

^Of course this bound is not sharp; we worsened it to have more symmetry when compared 
with the next one. 

^Also this second bound is not sharp and for a sharper estimate we refer the reader to 5 ; in 
a slightly different formulation, this was firstly proved by Barvinok in ,3j. 
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we explain the idea which is behind this kind of duahty between the number of 
quadratic equations and the number of variables: let 

q:V^W 

be a quadratic map between two vector spaces and for every covcctor rj in W* 
consider the quadratic form rjq over V. As we let rj vary we can reconstruct the 
map q itself from the various rjq. As long as we are concerned with the topology 
of A = q~^{K), where X is a convex polyhedral cone in W, we can replace this 
complicated object with a simpler one: for each rj in W* we consider only the 
positive inertia index i'^{r]q), i.e. the maximal dimension of a subspace of V on 
which r]q is positive definite. Thus, instead of dealing with a map with values in 
the space of quadratic forms, we have a function to the natural numbers. We let 
K° be the polar cone of K and we define the following subsets of S'' : 

n = K°nS'' and Ct^ = {uj € fl \ i+ (coq) > j} , jgN 

The spirit of the mentioned duality is in this procedure of replacing the original 
framework with the above filtration f2"'+^ C • • • C fi'^ of the sphere S''. In the 
general case this filtration is a "continuous" object, in the sense that the sets of 
points wlic;re the function i^ changes its value is an algebraic subset Z of 5'*'; in the 
case of a quadratic map to the plane, Z reduces to a finite number of points on 
and our object becomes something "discrete" . 

Moving to topology, the crucial point is that there is a relation between the ge- 
ometry of the previous filtration and that of A. To give an example, in the case 
X is the intersection of quadrics in MP", the following formula relates the Euler 
characteristic of X with that of the previously defined sets (here K is the zero cone 
and the components of q are given by the quadratic forms defining X): 

(1) (-i)"x(^) = x{sn + E(-i)^'+^x(i^^+'). 

j=o 

In the case X is the intersection of two quadrics the topology of the sets fl^ , j €N, 
being semialgebraic subsets of S^, is very easy to compute, since such subsets are 
finite union of points and arcs. 

Example (The bouquet of three circles) . Consider the map g : R'' R2 defined by 

X I— > (Xj + 2xoX2 — Xg, X1X2) 

and the zero cone in R^. The subset X of RP^ defined by {q = 0} consists of two 
projective line and an ellipse meeting at one point; this set is homeomorphic to a 

bouquet of three circles. Associating to a quadratic form a symmetric matrix by 
means of a scalar product, the family rjq for ry € = 5^ is represented by the 
matrix: 

/ ?7o 

r^S= ^° 

Vo Vi 
\ 

The determinant of this matrix vanishes only at the points w = (0, 1) and — w = 
(0, —1); outside of these points the index function must be locally constant. Then 
it is easy to verify that i+ equals 2 everywhere except at this two points, where it 
equals 1: 

fii = S\ = S\{lj, -lj}, 0^ = 0^ = 0. 






-^0 / 
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Applying formula ([T]) to this example gives: 

-X{X) = x{S') + x{S') - x{S'\{io, ^u;}) = 2. 

A formula similar to ([T]) holds in the case of the intersection Y of two quadrics 
on the sphere (since Y double covers X we simply have to multiply the right hand 
side by 2). In this case we can be even more precise; if we set 

Y = q-\K)nS'' 

the following holds for the reduced Betti numberfQ of Y: 

(2) bk{Y) = boin''-'',n"-''+^) + bi{n''-''-\n''-''), k<n-2 

This formula was essentially proved by Agrachev in [Ij under some nondegeneracy 
hypothesis. 

To stress again the difference with the general case, we must say the analogous 
formula for the Betti numbers of intersection of more than two quadrics only gives 
bounds for them (see [2]). 

If we let p : 5" — ?■ MP" be the covering map, the formula to compute the Betti 
numbers of 

X^piY) 

is slightly different (notice that since q is homogeneous of degree two, then the set 
{[x] € KP" I q{x) G K} is well defined and coincides with X). The reason for this 
lies in the structure of the homology of MP" which is richer than that of the sphere. 
We can write easily the Betti numbers of RP"\X by the formula: 

(3) 6fc(RP"\X) = bo{n''+^) + bi{n''), keN 

Using ([3]) we can prove classical results in convexity theory, such as the quadratic 
convexity theorem: the image of the sphere 5" under a homogeneous quadratic map 
q : M"+^ with n > 2 is a convex subset of the plane; this result is certainly false 

in the case the target space is three dimensional, as the map x H> {xqXi, xoX2, X1X2) 
shows. 

To know the Betti numbers of X we need to compute the rank of the homomorphism 
induced on the homology by the inclusion i : X ^ MP" (this computation was not 
necessary for the sphere because of Alexander duality) . If we let /x be the maximum 
of i+ on n we have: 

(4) rk(i,)fc = &o(C17,l)'=+^), kj^n-n 

where CTi is the topological space cone of il. The critical case fc = n — /i is more 
subtle and we need an extra information. For this purpose we introduce the bun- 
dle ^ whose fiber over the point 77 S fi'^ equals span{x S M"+^ | ElA > 
s.t. {riQ)x = Xx} and whose vector bundle structure is given by its inclusion in 
^fj. The extra information we need is the first Stiefel- Whitney class of : 

Once we have this data we can compute also the rank of {i*)„^p,: 

(5) rk(i*)„_^ = 1 iff u)i(L^) = 0. 



■^from now on we work with Z2 coefBcients. 
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Consider now the table E = (e^'-')i.jgz whose nonzero part is the fohowing: 



E' = 



1 














1 








c 











boinn - 1 


d 











bom - 1 


bim 



where c = e^'^ and we have {c,d) — (l,6i(f2'^)) if wi,^ — and (c, d) = (0,0) 
otherwise. In term of the previous table it is easy to write the formula for the Betti 
numbers of X: if /i = n + 1 then X is empty; in the contrary case for every fc G Z 
we have: 

(6) bkiX) = e"'"-*^ + e^'^-''-^ + e2-»-fc-2. 

Notice that according to what we already stated we have rk(i*)fe — e°'"~''. 

Example (The bouquet of three circles; continuation). In this case the previous 
table is the following: 



E = 



1 








1 











1 











1 



This is because /i = 2 and fl'^ is not the whole (thus ^1(^2) =0); in particular 
we have: 

bo{X) - eO'^ + + e^.i = 1, h{X) = e"'^ + e^^' + e^'O = 3. 

Notice also that rk(i*)i = e'''^ = 1, in accordance with the fact that X contains a 
projective line. 

For the reader familiar with spectral sequences we can say that the previous 
table gives the ranks of the second term of a spectral sequence converging to the 
homology of X; the class wi(L^) gives the second differential and for the case of 
two quadrics that's enough (the spectral sequence degenerates at the third step); 
otherwise higher differentials have to be calculated (the reader is referred to [2\ for 
a detailed treatment of the general case); this evidence again confirms the difference 
of complexity with the case of more than two quadrics. 

Incidentally we notice that it is possible to "send the number of variables to infinity" 
and our procedure is stable with respect to this limit: formulas analogous to the 
previous one hold for the set of the solutions of a system of two quadratic inequalities 
on the infinite dimensional spher^. 

If we were interested in the level sets of a quadratic map to the plane, namely in 
the set 

A,^q-\c)CR^+\ c=(co,Ci) 



In this case some nondegeneracy condition has to be assumed in order to guarantee we are 
computing the cohomology with respect to the induced topology. 
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we define for fc e N the sets Ck = {^£5*^1 i+(-w) < k and (w, c) < 0}. If Ac is 
nonempty and 0<fc<n+lwe have the formula: 

(7) bk{Ac) ^ K{Ck+i,Ck) + bi{Ck+2,Ck+i). 

The ideas we discussed so far for the case of two quadrics leads us to explore the 
beautiful geometry of the index function on a circle. In fact the space of generic0 
linear systems of two quadrics has a kind of algebraic extra structure; this extra 
structure allows us to label each pencil with a binary array in such a way that 
performing some rules (i.e. admitted permutations) on its characters corresponds 
to make generic homotopies of pencils. The combinatorial nature of these ideas 
finally leads to a bound on each specific Betti number of the set of the solutions of 
a system of two proper quadratic inequalities (i.e. equalities are not permitted) X 
in RP" and of its double cover F, improving the bounds of 5 : 

(8) hk{X)<k + 2 and hk{Y)<2k + A. 

Notice that summing over fc > all the previous bounds would give something of 
the form b{X) < 0{n)^, which is essentially the standard bound (see |3]). It is 
remarkable that, in the case X is the intersectiorQ of two quadrics in MP", using 
the same ideas as before, this bound can be made linear, improving the standard 
one: 

(9) b{X) <3n + 2 

To the author's knowledge there are no such bounds in the literature; on the other 
hand, as pointed out in [4] and [5], there is no hope to get similar improvement for 
the case of more then two quadrics, since the standard bounds are asymptotically 
(in the number of quadrics) sharp. 

The paper is organized as follows. In section 2 we introduce some notations. For- 
mulas ([2]), ([3]), dU, ^ and ([6]) are proved in section 3; the formula ([J) for the 
Euler characteristic is a direct consequence of ([6]). In section 4 we discuss some 
classical applications. Formula ([7]) is proved in section 5. In section 6 we discuss 
some generalizations to the infinite dimensional case. In section 7 we study the 
combinatorics of nondegenerate pencils. The bounds ^ are proved in section 8 
and section 9 is devoted to ([9]). 

ACKNOWLEDGMENTS 
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2. Preliminary notations 

We denote with the symbol Q(]R™) the set of all quadratic forms over R™ : 
it is a vector space of dimension "'(™+^) ajyj ^^n be identified with the space 
R[a:i, . . . , a;m](2) of homogeneous polynomials of degree two. If we introduce a 
scalar product on R™, then the identity q{x) — (x, Qx) defines a map Q giving 
a linear isomorphism between Q(R™) and the space of real symmetric matrices of 



Generic with respect to a certain nondegeneracy condition. 
^Indeed the following bound holds for the set of solutions of any systems of two quadratic 
inequalities 
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order m. 

Given a quadratic form q we will denote by ind'''(g) it positive inertia index: 
ind~'~(g) = max{dim(y) | F is a subspace of and q\v > 0}. 

Definition 1. We define Q(m, 2) = Q{W^) x Q{W^) with its product topology. In 
other words q e Q{m, 2) is given by a pair {qo, qi) of quadratic forms. 

We can interpret q e Q{m,2) also as a quadratic map q : whose 
components are {qo,qi). 

Given q G Q{m,, 2) it is defined a linear map ^ : — > by the correspondence 

w = (wojWi) I— >■ wo5o + i^iqi', to shortening notations we will often write u) ^ wq 
for the previous map. As above the scalar product gives an identification between 
Q(to, 2) and the space of pairs of symmetric matrices of ordcir rn. Again we will use 
the notations q = {qo,qi) ^ Q = {Qq,Qi) for this identification; in a similar way 
if w e M^, then q-.u)^ ljQ = ujqQo + i^iQi- 

Definition 2. Let K cM.'' be a convex cone; we define its polar K° c (M*^)* by 

K° = {t]€ I r]{y) < Vy e K}. 

If K is closed and convex, then {K°)° = K; using a scalar product we can also 
mean K to be {a; G M*^ | {x, ?/) < Vy e K}. 

Definition 3. Given q G Q(m, 2) and K C M.'^ we define = K° D S''' and the 
function 1+ : ^ N by 

CO !->• ind~'~(a;g). 
Moreover for every j £N we define also 

fl^ = {lj G 0|i+(a;) > j}. 

Thus given q G Q{m, 2) and K C M.'^ wc are considering a linear pencil of 
quadratic forms w i-^ wg and the restriction of the index function to = K° n 
in the space of the parameters of the pencil. 

From now on all homology and cohomology groups arc with Z2 coefficients; if {X, Y) 
is a pair of spaces, then we will denote by bk{X,Y) the rank of H*{X,Y) and by 
bk{X,Y) that of H*{X,Y) (in our cases they will always be defined); b{X) will 
denote the topological complexity of X, i.e. the sum J2k ^k{X). 

3. Systems of two quadratic inequalities 

Throughout this section we consider q= {qo, qi) G Q{n+1, 2), K CM."^ a, convex 
polyhedral cone and the set F C 5" defined by 

Y = {xe S"\q{x) G K}. 
Theorem 4. The following formula holds for k < n — 2: 

5fe(r) = 6„_fe_i(5"\r) = 6o(^!"-^^7"-'=+l) + 

Proof. The first equality follows from Alexander duality. For the second consider 
the set 

B = {{io,x) G X S*" I {ioq){x) > 0}. 
The projection p2 : B ^ S" gives a homotopy equivalence B ~ P2{B) = S"\Y (the 
fibers are contractible). On the other side for e > sufficiently small the inclusion 

B{e) = {{uj,x) G n X I iujq){x) > e} ^ B 
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is a homotopy equivalence. Consider tt = pi\B(e) ■ B{e) — >■ fl and the Leray spectral 
sequence associated to it: 

where -^-'(e) is the sheaf associated to the presheaf V ^ {7t^^{V)). Since B{e) 
and fl are locally compact and tt is proper (-B(e) is compact) then the following 
isomorphism holds for the stalk of J^^ (e) at each point a; S : 

Let g G K[xo, . . . , Xn](2) such that S*" = {gix) — 1}, then tt^^{uj) ~ {a; G 5" | (wq — 
£5) (2;) > 0} has the homotopy type of a sphere of dimension n — md^{ujq — eg); 
thus if we set i^(e) for the function lo 1— > ind^ (ujq — eg), we have that for j > 
the sheaf J^-'{e) is locally constant with stalk Z2 on r2„_j(e)\r2„_j_i(e), where 
f2„_j(e) = {i~(e) < n — j}, and zero on its complement. Since r2„_j_i(e) is closed 
in f2„_j(e), we have for j > : 

W{n,T^{e)) = H\nn-jie),nn-j-iie)). 

Since the sets {il„_j(e)}jgN are CW-subcomplex of the one-dimensional complex 
(covers such that triple intersections of their open sets are empty are cofinal), 
then El'-' (e) = for i > 2 and the Leray spectral sequence of tt degenerates at 
E2{e). By semialgebraicity the topology of ^n-j{e) is definitely constant in e and 
form small e we have 

El'^{e)^]^{H\n^^,{e)Mn^,Me))}, J > 0. 

The following lemma implies for j > the isomorphism E^''' (e) ~ J?* (£7-'+^, £7-'+^) 
and the conclusion follows. □ 

Remark 1. The anomalous behaviour for j = is due to the fact that there is no 
canonical choice for the generator of ^^"(5°) — Z2 ® ^2- 

Lemma 5. For every j G N we have 17-'+^ = IJ^^o ^n-ji^-)', moreover every compact 
subset of is contained in some 51„_j(e) and in particular 

lim{i/,(17„_,(e))} = 

Proof. Let uj G IJ^^q r2„_j(e); then there exists e such that u G i7„_j(e) for every 
e < e. Since for e small enough 

i^(e)(cL') = (uj) + dim(kerwp) 

then it follows that 

i^(cj) = n + 1 — i~(w) — dim(kerwp) > j + 1. 

Viceversa if w G fl^^^ the previous inequality proves uj G i^n-j (e) for e small enough, 
i.e. w G Ue>o^"-j('=)- 

Moreover if w G ri„_j(e) then, eventually choosing a smaller e, we may assume e 
properly separates the spectrum ofujp and thus, by algebraicity of the map lu i-^ tup, 
there exists C/ open neighborhood of oj such that e properly separates also the 
spectrum of up' for every oj' & U (see [13] )■ Hence oj' G r2„_j (e) for every uj' G J7. 
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From this consideration it easily follows that each compact set in ri-J^^ is contained 
in some r2„_.j(e) and thus 

e 

□ 

In Theorem |4] we essentially computed the Betti numbers of B which was seen 
to be homotopy equivalent to S"\Y. Replacing B with B = {{uj, [x]) G ft x 
MP" I {ujq){x) > 0} the same argument yields the following theorem (here we use 
the Leray sheaf J^"'(e)(y) = {Tr~^ (V) H B {e}) , which is locally constant with stalk 
Z2 on Qn-j{e) and zero on its complement. We set 

X = {[x] eM.P"\q{x) eK}. 

Theorem 6. 6fe(]RP"\X) = bo{n''+^) + 5i(Sl'=) for every fc G N. 

In this case we cannot apply Alexander duality directly, since we have to know 
the map induced by the inclusion c : MP"\X — > RP" on the cohomology. 

Proposition 7. Set ji — maxi^go ^^{^)- Then for k < fj, — 1 

i?'=(]RP") ^ i/'=(MP"\X) 

is injective and for k > fi + 1 is zero. 

Notice that the case k = fiis excluded from this statement: it deserves a special 
treatment. 

Proof. Consider the commutative diagram of maps 

B > ^ X RP" 

P2\b P2 

RP"\X ^ > RP" 

Since P2\b is a homotopy equivalence, then c* = i* op^. If fc < /i— 1, then 57*^+^ ^ 0; 
thus let rj G f2'''+^. Then Pi^{r]) fl B deformation retracts to {77} x P''", where P'^" 
is a projective space of dimension = i^(r/) — 1 > fc; in particular the inclusion 

pdr, jjp" induces isomorphism on the A;-th cohomology group. The following 
factorization of i* concludes the proof of the first part (all the maps are the natural 
ones): 

i* 

H''{RF") — ^ H^{P'^^) 



H^{n X RP") > H''(B) 

For the second statement simply observe that for fc > /i + 1 we have = and 
thus 

ij'=(RP"\x) ~ H°{n''+^) ® H\n'') = 0. 
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□ 

It remains to study _ff^(RP"\X) — > iJ^(MP"). For this purpose we introduce 
the bundle — ^ 17'' whose fiber at the point -q eQ.^ equals spanja: 6 | BA > 

s.t. ir]Q)x = Xx} and whose vector bundle structure is given by its inclusion in 
X We let wi,^ G H^{n^') be the first Stiefel- Whitney class of L^. We have 

the following result. 

Proposition 8. rk{c*)^ = <;=^ — 0. 

Proof. In the case fJ'^ ^ S^, then clearly ?z;i,^ is zero and also rk(c*)^ is zero 
since i7^(]RP"\X) = 0. If fl^ — S^, then i+ is constant and we consider the 
projectivization P{L^) of the bundle L^. In this case it is easily seen that the 
inclusion 

is a homotopy equivalence and, since rk(c*) = rk(i* 0^2) we have rk(c*) = rk(A* o 
i* 0^2)- Let us call I the map p2 o i o X; then I : P{L^) — > MP" is a map which is 
linear on the fibres and if t/ G i/^(RP") is the generator, we have by Leray-Hirsch 

H*{P{L^)) ~ H*{S') ® {1, ry, . . . , l*y^-'}. 

By the Whitney formula we get 

which proves (c*)^ is zero iff loi.^ = 0. □ 

Collecting together Theorem [5] and the previous two propositions allows us 
to split the long exact sequence of the pair (IRP",RP"\X) and, since H^,{X) ~ 
ir"-*(RP",]RP"\X), to compute the Betti numbers of X. 

We first define the table E — (e''^)ijgz with e*'-' G N, and whose nonzero part 
E' = {e''J I < z < 2, < j < n} is the following table: 



1 














1 








c 











60 (f7'') - 1 


d 











boin') - 1 





where c = e"-'' and we have {c,d) = if wi,^ = and (c, d) — (0,0) 

otherwise. 

Theorem 9. If fi = n + 1 then X is empty; in the contrary case for every fc G Z 
the following formula holds: 

bk{X) = e"^"-'^' + ei^"-'^-^ + e^^"-'^-^. 

Moreover if i : X ^ MP" is the inclusion map and is the map induced on 
homology, then 

e"^"-'=-rk(z,),. 
The last statement follows from the formula 

6„_fe(RP") = rk(c*)„_fc + rk(j,)fe. 
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Example 1 (The complex squaring) . Consider the quadratic forms 

qo{x)^xl~xl, qi{x)^2xoXi. 

Identifying with C via {xq, xi) ^ xq + ixi, the map q — (qo^qi) is the complex 
squaring z i— )■ z^. We easily see that the common zero locus set of qo and qi in RP^ 
is empty. The image of the linear map g : — > Q(2) defined by 77 M- Tyg consists 
of a plane intersecting the set of degenerate forms Z only at the origin; we identify 
Q{2) with the space of 2 x 2 real symmetric matrices. Thus q{S^) is a circle looping 
around Z = {det — 0} and the index function is constant: 

i+(cjq) = 1, ioe S\ 

Thus il^ = S^; and the table E in this case has the following picture: 



c 














d 



On the other hand the first Stiefel- Whitney class of the bundle Li — ?> il^ in this 
case is nonzero; hence in this case (c, d) = (0,0) and we have that bk{X) = for 
every fc, as confirmed from the fact that X — (li. 

Alternatively we could give a direct proof of the previous theorem using The- 
orems A, B and C of [2]: the reader should recognize in the previous table the 
structure of some spectral sequence. 

The previous theorem raises the question when can happen wi,^ 7^ 0. Since 
^ = maxi+, then clearly Q — and i+ = /i. Moreover since /i = 1^(1]) = 
n + 1 — kei{r]Q) — i+(— 77) = n + 1 ~ kei{j]Q) — fi it follows /i < [-^^y^]. 
It is interesting to classify pairs of quadratic forms {qo,qi) such that i+ is con- 
stant; this classification follows from a general theorem on the classification up to 
congruence of pencils of real symmetric matrices (see 115)). 

4. Classical applications 

We discuss here some applications of the previous results; the reader is referred to 
[3] for a detailed treatment using different techniques. We start with the following. 

Theorem 10 (Calabi). Letqo,qi be real quadratic forms ouerIR"+^ withn + l > 3. 
// the only x G M"+^ satisfying qo{x) = qi{x) — is x ^ 0, then there exists a real 
linear combination ujq^ + tiJiqi which is positive definite. 

Proof. The hypothesis is equivalent to n -f 1 > 3 and X = {x ^ MP" | qQ{x) = = 
qi{x)} = and the thesis to 1)"+^ ^ 0. 

First notice that for every /c > 2 we have bi{Vl^) = : if it was the contrary, then 
bo{n^) = 1 = 6i(f7'=-i) and Theorem E] would give 6fc-i(MP"\X) = 6fc_i(MP") = 
boi^'') + 61 (fi''^^) = 2, which is absurd. Thus if n + 1 > 2 wc have 

1 = 6„(RP") = 6„(MP"\X) = 6o(f^"+') + 6i(f^") = 6o(f^"+') 
which implies $7"+-'^ ^0. □ 

Thus the previous theorem states that for n + 1 > 3 

X = 9^ =^ 0. 

Also the contrary is true, with no restriction on n : if X ^ then = 6„(IRP"'\X) = 
6o(^^"+^)+^l(^^") which implies r?" ^ 51 and = 0. Thus we have the following 
corollary. 
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Corollary 11. If n + I > 3, then X = 9 =^ 0. 

Using the previous we can prove the well known quadratic convexity theorem. 

Theorem 12. If n + I > 3 and q : M"+i j., defined by x ^ {qoix),qi{x)), 

where qo , qi are real quadratic forms, then 

qiS"") C is a convex set. 

Proof. First observe that if 5" = {.9(2;) = 1} with g quadratic form, then for a 
given c = (cq, ci) we have S"" n q-^{c) ^ iff 5" n q-\0) ^ iff X^q^) = where 
qc is the quadratic map whose components are (go — cog^qi — cig) and X{qc) — 
{x G MP" I qc{x) = 0}. Thus by Corollary E] we have X{qc) 7^ iff n'^+Hqc) = 
(here n + 1 > 3). 

Let now a — (oq, ai) and b = (60, fei) be such that X(qa) 7^ 7^ ^(^fc) a-nd suppose 
there exists T e [0, 1] such that aT+ (1 - T)fe ^ g(S'"). Then by Corollary [n] there 
exists 77 S such that 

riQ-{Tj,aT+{l-T)b)I>Q. 

Assume (77, a — b) > 0, otherwise switch the role of a and 6. We have < rjQ — 
(?/, aT + (1 - r)6)/ = r/Q + (77, T(& - a))/ - (77, 6)/ < rjQ - (77, 6)/. Thus we got 
77(5 — (7;, b)I > 0, which implies f2"+^((7ft) 7^ 0, but this is impossible by corollarvfTT] 
since X{qh) ^ 0. Hence for every t e [0, 1] we have at + {1 - t)b e g(S'"). □ 

The conclusion of the previous theorems are false if 71 + 1 = 2 : pick qo{x,y) — 
x'^ —y^ and qi{x, y) — 2xy, then qi^{x) — qi{x) — implies x = but any real linear 
combination of qo and qi is sign indefinite. Moreover q{S^) = which of course 
is not a convex subset of . 

Corollary 13. // q : M"+^ has homogeneous quadratic components, then 

q(M."^^) is closed and convex. 

Proof. Since (7(K."+^) is the positive cone over (?(iS'"), then it is closed and convex. 

□ 

The previous proof works only for ri + 1 > 3, but the theorem is actually true 
with no restriction on 77. The number of quadratic forms is indeed important, 
as the following example shows: let g : K'' — s> be defined by {xq, xi, X2) H> 
(xoXi, xoa;2, a:ia;2); then the image of R"^ under q consists of the four hortants 
{xq >0,xi > 0,X2 > 0}, {xq < 0,xi < 0,X2 > 0}, {xo < 0,a;i > 0,X2 < 0}, {a;o > 
0,a;i < 0,2:2 < 0}. 

5. Level sets of quadratic maps 

In this section we discuss the topology of the level sets of a homogeneous qua- 
dratic map. We start with the following observation: in the case we are given a 
semialgebraic subset A in R" defined by inequalities involving polynomials of de- 
gree two (the presence of degree one polynomials reduce to this case by restricting 
to affine subspaces), then we can find a semialgebraic subset A' in MP" such that 
the inclusion of A in A' is a homotopy equivalence and A' is defined by quadratic 
inequalities in MP". Consider first the projective closure A of A in MP", which 
amounts to consider the system of quadratic inequalities in MP" defined by the ho- 
mogenization of the polynomials defining A. Then A is obtained from A by adding 
the set of the solutions of a system of quadratic inequalities at infinity, namely on 
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the hyperplane {xq — 0}, where xq is the new variable we added by homogenization 
(the restriction of the homogenization of the system to this hyperplane is clearly 
homogeneous). Consider now the inequality 

le{xo, - ■ Xn) = e{xl H h X^) - < 0. 

We want to show that for e > small enough A and Ad {l^ < 0} are homotopy 
equivalent. Notice first that — has no solutions with xq — 0: in fact in this case 
it must he Xi + ■ ■ ■ + x^^ < which implies xi — ■ ■ ■ ^ Xn ~ 0, but this is impossible 
on MP". Thus on the projective space the inequality < is equivalent to the one 
Xq'^{xI + • • ■ + a;^) < R where R = €~^. In non-homogeneous coordinates on R" we 
can rewrite the last inequality as y1 + ■■■ + yf^ < R, hence in particular: 

Af^{k<Q}^ Ar\{\\yf <R}. 

Consider now the semialgebraic map '0 : M"\{0} — ]R"\{0} defined by sending x to 
and the semialgebraic set S = il^{A) U {0}. Then -0 maps A n {||y|P < R} 
to 5 n {||y|p < R~^} and the conclusion follows from the local conic structure of 
semialgebraic sets (see [8] or [7] Proposition 5.49 for a direct argument). 
In summary this argument shows that A is homotopy equivalent to the set A{e) 
defined in the projective space by homoegenization of the inequalities defining A 
and by adding the inequality < for e > small enough. 

Thus we reduce the problem of studying the topology of A to that of studying the 
set of projective solutions of a system of three homogeneous quadratic inequalities. 
For this purpose we recall the following theorem from [2]. 

Theorem 14. Let q : R"+^ — )■ R*^ be a homogeneous quadratic map, K C R'^^^ be 
a closed convex polyhedral cone and define 

X = {[x] eM.P"\q{x) eK}. 

Moreover let K° C «.''+^ be the polar of K and n = K° nS''; let also i+ : il ^ N 
be the function defined by uj ^ ind^(aj(7), and 

fl*^ = {w e rj|i+(w) > fc}, fcGN. 

Then there exists a spectral sequence {Er,dr) Hn-*{X) such that 
where CO, is the topological space cone of fl. 

Moreover Ej. degenerates at the (k + 2)-th step and if i^ : H<,{X) i7*(MP") is 
the map induced by the inclusion, then 

rk(z,)=dim(i?^"-*). 

In view of the previous discussion we are led to consider q^ : R"+^ — s> R^ whose 
components are {^qo, ^qi, h) and the cone K — K x (— oo, 0] C R^. Moreover if we 
let Ct = K° n S"^ C X M then theorem [T4l gives, for small e, a spectral sequence 
{Er{e) , dr{e)) such that 

(4(e),rfr(e)) ^ H^-M{^)) - H^-M) and E^' {e) = H\Cn,h^+\e)), 
where hi+^{e) ^ {{uj,t) e n\i+{uj''p + tQ > j + 1}. 

In the case we were interested in the level sets of homogeneous quadratic maps, 
namely 

A^q-\c) 
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where q G Q{n, 2) and c = (co, ci) G M^, we have the followmg theorem. 

Theorem 15. Let q : M" — > be defined by {qo,qi) with qo,qi homogeneous of 
degree two, 

C = (co, Ci) e ^ ^-l(-^) ^ 

Moreover define for every fc G N the set 

Ck ^ {i-o — {loo-uji) G S*^ I (w, c) < and wogo ~ '^I'/i) < fc} 
and the number 

Vc = mm{i+(-a;og'o - wigi) | (wo,wi) G , (a;,c) < 0}. 

r/ien we have 

(i) A, = ^ i., = 0; 

(ii) z/ ^ 0, then bk{A,) = bo{Ck+i,Ck) + bi{Ck+2,Ck+i) for < k < n. 
Proof. First notice that the condition = is equivalent to 

3r;Gg(M")° s.t. (77,c)>0. 

Suppose Ac — 0; then if j/c 7^ we would have V77 G (/(R")" the inequality (77, c) < 0, 
namely c G (7(R")°° = which is absurd - remeber that (/(R") is a closed convex 

(polyhedral) cone by corollary [131 On the contrary ii Ac ^ ^, then c G (/(R") and 
hence {te}°>o D g(K")°; thus (77,0) < for every 77 G g(R")°. This proves part (i). 
For part (ii) we are substantially going to prove that 

for small e and that if Ac ^ 9, then ii^2(e) — Eoo{e)- 
Notice also that for i > 1 we have 

Set Cl>{e) = {{uj,t) G Jl| ((c,e),(a;,t)) > 0}andO<(e) = {(a;,t) G A | ((c, e), (cj, t)) < 
0}. Notice that if {uj.t) G ^l''{e) n Cl>{e) for fc < 77 then for every t' > t we 
have (w,f') G f^*^ n n>{e). Define r2(e) = dCl>{e) - f7 and f7'^(e) = {(a;,t) G 
ri(e) I i^(w, i) > A;}. Then since i^(0, 1) = 77, for k < n we have 

Thus we derive the following chain of isomorphisms: 

H*{n''ie)) ~ H*{{n''ie) U r!(e)) U Cft'^ie)) ~ H*(r!'=(e) U r!(e)), l)'=(e)). 

We define now the set ri>(e) = fl'^{e) r\fl>{e) C ri'^(e) and notice that its closure is 
contained in the interior of ri'^(e); thus we can apply the excision theorem and get: 

i/*(f]'^(6)) ^ i/*((f)|(e) U f7'=(e))\17|(6),l]^-(f)W>(f)) 
If we denote by (l'^{e) the set 17< (e)\{(cLi, c) > 0} we finally have the isomorphism: 

H*{n''{e)) - H*{n''{e),n''{e) U af2>(e)). 
Now we consider the set C = {(w, c) < 0} and the function 9^ : C ^ N defined by 

Lu i—> i'^{ujQ — {c,LL!)eI). 
We call C'^(e) the set {9^ > k} and notice that for e small we have isomorphisms: 
H*{n''{e),n''{e) U dn>ie)) ~ H*{C''-\e),C''{e)). 
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Since for ei < 62 we have C'' ^(ei) C C*^ ^(£2), then for smah e > 

i/*(C^-i(e),C'=(e))^^{i7*(Cfe_i(e),C''=(e))}^7?*(flC'=-i(6),flC'=(6)). 

Moreover neC''°(e) = e C\i^{uj) < n - k} (notice that i^{uj) = i+(-a;)) and 
thus setting Ci = {uj E C \ i^ioj) < 1} we finaUy end up with 

Ei'\e) ~ H'-^{Cn-j+i,Cn~j) i > 1, e > small. 

We have niaxj^ i+ > n and thus E'^''' {e) = for j < n — 1 and small e; on the other 
side if Ac ^ then by theorem [T4l we must have i?2'"(e) = ^2 for small e and the 
only possibly nonzero differential is 1^2 (e)"'" : Z2 E^'^'^ . Since Ac ^ 0, then 
Co = and thus E^^,"-! ^ H^{Ci,Co) = and i?2*(e) ^ E*^ - Hn^*{A)- This 
concludes the proof of part (ii). □ 

As an easy corollary we get the following. 

Corollary 16. Let q he m Q{n, 2). Then g(M") = {tv\v E -n'^, t > 0}. 

Proof. By property (i) of theorem 1151 we have 

g(M") = {c e M" I ^ 0} = {c e M" I c e -{i^ < 0}°} 

where clearly {i^ < 0} is a convex cone. □ 

Remark 2. The statement of the previous theorem still holds for systems of inequal- 
ities: if A = {qo < Co, qi < ci) then A = q~^{K) for qc = (go ^ co, qi — ci) and K a 
certain cone and the result is the same by setting Ck = {oj E = K° n \ {oj, c) < 
0, i+(-w) < fc}. 

6. Infinite dimensional case 

We consider here the case H is a Hilbert space and qo , qi are continuous quadratic 
forms on on iJ : 

qi{x) — {x,Qix) Qi is linear, continuous and selfadjoint. 

In this case we easily prove the following generalization of theorem 1131 

Theorem 17. Let qo^qi be two quadratic forms on H and q : H ^ M^^ the map 

X I— 7- {qQ{x),qi{x)). Then q{H) is a convex subset ofM?, but not necessarily closed. 

Proof. Let a = q{oi) and b — q{/3) be in the image of q. Consider V — span(Q;,/3); 
then is convex by theorem [13] and thus for every t E [0, 1] there exists 

vt EV C H such that ta + {1 - t)b = q\v{vt) = qM- □ 

If c = (co, ci) E we are interested in the set 

Ac = {x E H\ qoi^x) = Co, qi{x) = ci} 

with its induced topology from Ac C H. Without any regularity assumption the 
set Ac can be very wild, but we can however attach to it some algebraic invariant, 
namely 

n,{Ac) = i\^{HMcr\V)}, 
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where T = {V C H \ finite dimensional subspace of i?}, and then give conditions 
for which ?^*(j4c) coincides with H^i^A^. We recall the definition of positive inertia 
index for a quadratic form q on H : 

ind+(q) = max{dim(l/) \ V C H, q\v > 0} 

and we define also, using the notation of the previous section, 

C = {uj eC\ i+(-w) < 00} and Ck = Ck n C. 

The set C happens to be a convex subset of C, but the subsets Ck are not in general 
euclidean neighborhood retracts and thus their Cech cohomology may not coincide 
with their singular cohomology. 

Lemma 18. If = $ then = 0. If A^ ^ 9 then 

Proof If Ac = then clearly for every V C H we have AcHV ^ $ and H^^AcHV) = 
which implies T-L^,{Ac) = 0. 

On the contrary if Ac ^ 0, then setting Ck{W) = {w € C \md'~ {ujq\w) < k} for 

V C W subspaces we have Ck{W) ^ Ck{V). We refer to ^J for the proof that 
i/* {Ac CiV) II^, {Ac n W) induces on the graded complex associated to spectral 
sequence of theorem [M] the maps 

H*{Ck+i{V),CkiV)) H*{Ck+i{W),Ck{W)). 
It follows from the properties of Cech cohomology that 

\m^{H*{Ck+i{V),Ck{V))} = H*{f] Ck+iiV), fj Ck{V)) 

and since Clvej^^kiV) = Ck then the conclusion follows. □ 

Notice that the proof of part (i) of theorem [13] here does not apply, because 
in general q{II) is not closed and hence q{II)°° can be different from q{II). The 
following proposition gives a sufficient condition for H*(Ac) ~ II^{Ac). 

Proposition 19. Suppose c — (co,ci) G is a regular value for the homogeneous 
quadratic map g : — > M^. Then 

nMc) HMc)- 

Proof. We give only a sketch; for details the reader is advised to see pp. If c is a 
regular value, then Ac is a Hilbert submanifold of H and has a tubular neighborhood 
Uc- Thus II^{Uc) — II^{Ac) and any singular chain in Ac can be turned in a chain 
lying in a finite dimensional subspace of H without leaving Uc- The conclusion 
follows. □ 

In the case c = 0, then Aq is contractible and is possible to study the topology of 
AQn{x G H \ \\x\\ = l}ina similar way; for a precise treatment in the nondegenerate 
case the reader is referred again to [T]. 
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7. NONDEGENERATE PENCILS 



We introduce here for a given q e Q{m, 2) a nondegeneracy condition with 
respect to a cone K cM.'^. The set of nondegenerate maps has a very rich structure, 
which we discuss here; starting from this we will derive some estimates also for the 
general case. 

The following definition was given in [1]. 

Definition 20. Let K cM."^ be a closed polyhedral cone. We say that q e Q(m, 2) 
is degenerate with respect to K if there exists lo G K°\{Q} and x G M'"\{0} such 
that q{x) € K and x £ ker{ujq). 

We denote with the symbol Q(m, 2; K) the set of g G Q(m, 2) that are nonde- 
generate with respect to if : it is an open subset of Q(m, 2) whose complement 
(the set of degenerate maps) is closed and semialgebraic. If g S Q{m,2; K), then 
Y{q) = {x G 5""-i G K} and X{q) = {[x] G RP"-! |(7(x) G K} are topo- 

logical submanifolds (eventually with boundary) respectively of S*™"^ and RP™~^; 
moreover we have the following result. 

Lemma 21. Let qt,t G [0, 1] be a homotopy of maps such that qt G Q{m, 2; K) for 
every t G [0,1]; then l^((?o) o,''^d Y{qi) are homotopy equivalent. The same holds 
true for X{qo) and X{qi). 

For the proof of the previous statements the reader is referred to [T] or [T^ . 
Following LemmaHTJ if go and qi are in the same connnected component of Q{m, 2; K) 
then we will say they are if-homotopic (there is a curve joining them). 
From now on for this section we assume 



We begin by studying if-homotopy classes in Q(2, 2; K). 

Lemma 22. // g G Q(2, 2; K) then it is K-homotopic to p : ^ ~ C 



and let A : Q(2, 2) — >• R its discriminant. Then A is a polynomial function not iden- 
tically zero and {A(p) = 0} is a proper algebraic subset of Q(2, 2); since Q(2, 2; K) 
is open, we may assume A(g) 7^ 0. 

If A(g) > then there are two noncollinear roots [ujo] and [uji] in RP^. 
This means that the image of g : w 1— >■ wg intersects the set Z of degenerate qua- 
dratic forms in two distinct lines. 

Since det{ujjQ) = 0, for j = 0, 1, then there exist xq and xi in R^ different from 
zero and such that 



K = {xo< 0, xi < 0}. 
Thus, according to the previous notation, if g = (go, gi), we have 




(xo,xi) h-^ XqC ° + x^e ^ 
such that 6q ^ ±9i and 9i,0q ^ fc7r/2, fc G Z. 
Proof. Consider the following equation for [u] G RP^ : 

det(ajp) = 



Xq{ujoQ) = 0, 



xf(a;iQ) =0. 
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Moreover, since too and uji arc linearly independent, then 

loo{xqQxi) = uji{xqQxi) = 

It follows that 

XqQxi = 0. 

Moreover if xq and Xi were coUinear, then writing t] S iir°\{0} as a linear combi- 
nation of Wo and wi , 

T] = CqUIo + CiWi, 

we would have q{xo) = G K, xq ^ 0, and 

XoivQ) = Xq{cocoo + cioJi)Q = Xq{cocooQ) + Xq{ciojiQ) = 
against the nondegeneracy hypothesis on q. 

The condition xJ{uijQ) = tells that the quadratic form cojq restricted to {Xxj} 
is zero; nevertheless cojq is not identically zero: if for example it was {oJiq){x) = 
for every a; € M^, then in coordinates (wc^i) we would have 

q{x) = q{xo,xi) = (axo^, 0), Jq{xo, xi) = 

and for every A 7^ it would be q{i), X) = G K and Jg(0, A) = 0, against the 
nondegeneracy assumption (here Jq{xo,xi) denotes the Jacobian matrix of q at 
{xo,xi)). 

Thus g : _^ M2 ^ c is of the form 

(10) q{x) = {ao, xfe'^" + {ai,xfe'^' 

with ^0 7^ ±^1 (since A(g) 7^ 0) and ao, ai G such that 

{ao,xi) = (ai,xo) = and q{Xxj) = X'^{aj,Xj)^e^^^ for j = 0, 1. 

The nondcgeracy condition implies none of e*®° and e^^^ is a generator of K and 
thus slightly perturbing (which does not affect nondegeneracy) we obtain e*^^ ^ 
k'K/2, fc G Z. We can clearly change ao and ai trough if-homotopies as to arrive to 
P- 

If A{q) < there are no real roots of the previous equation: [wo], [wi] G CP^; 
moreover since the coefficients of the equation are real, then [wo] = \ujT]. In this 
case the non existence of real roots guarantees automatically nondegeneracy. We 
exhibit now a iiT-homotopy between q and a map with positive discriminant. First 
notice that we have det{ujq) ^ for every a; 7^ and thus d(7|M2\|o} is surjective; 
moreover for every 7^ we have \^(r]q) = 1. Thus let r] G int(ii') and e-"- orthogonal 
to e. In coordinates (6,6-"-) we have 

q{x)^i{e,qix)),{e^,qix))). 

Diagonalizing the first component we find a basis {yo,yi) of such that in coor- 
dinates we have 

q{x) = {xq^ — xi^, axo^ + bxi^ + ca;oa;i). 
We define the homotopy qt through the equation: 

qt{x) = (xo^ - xi'^,t{axo'^ + bxi' +cxoXx)). 

Naturally we have 

, , / 2x0 2taxrj + tcxi \ 
Jqt{xo,x^)=i^_^^^ 2i6xr+texo ) 



2axo 
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det{Jqt{xo,xi)) = tdet{Jqi{xo,xi)) 

and thus qt is nondegenerate for every t: for f ^ the differential of ?t|R2\{o} is sur- 
jcctivc: for t = we have A(go) — but the choice of e guarantees nondegeneracy. 
Thus after this homotopy q will be of the form 

qoix) = {ao,xfe^^ + {bo,xfe~^^, 

with e*^ = A^e and Uq and bo nonzero; a small rotation of one of the two vectors e*^ 
or e~'^ gives the -fC-homotopy between qo and a map with positive discriminant, to 
which the previous part applies. □ 

Using the previous lemma we can attach to each q € Q{2,2;K) a word s{q) of 
three characters from the sets {u),u),z} in the following way. First notice that by 
assumption on K we have 

= cone{^ = (?),«;= (1)}. 

Let p be given by the previous lemma, and consider the solutions wq, ■ • ■ , W3 on 
the unit circle of the equation det(wp) = (these solutions occurs in opposite 
pairs). These points on the circle are the points where the index function i+ for 
p can changes its value; outside of them i+ must be locally constant. If we move 
clockwise from w to —w on the circle we meet exactly two of these points: this is 
because the previous lemma implies no one of them belongs to {ZjW, —w}. Each 
time we meet one of them we label it or a; according to the fact that the index 
function i+ increases or decreases after passing it going clockwise. Wc; define s{q) 
to be the word obtained writing the letters of the points we meet going from —w to 
w clockwise. Thus in a certain sense s{q) is the "derivative" of the index function: 
it takes into account the signed jumps of i+. 

Twelve possibilities can happen and we partition them into four disjoint subsets 
(the reason for this partition will become clear in a while): 

(1) [uju)z] = {ucoz} 

(2) [lVU!z] = {lVU!Z,U!ZIjJ,UIU!Z,UJZUi} 

(3) [dlZLv] = {UIZU), ZCJLO, ZUIOJ, ZUlU!, LOZU), UJUJz} 

(4) [zcoul] = {zcoul}. 

For a given q e Q(2, 2; K) we define 

a{q) = [s{q)] 

and prove the following result, which classify i^-homotopy classes (i.e. connected 

components) of Q{2,2;K). 

Theorem 23. Two maps qo, qi G Q(2, 2; K) are K-homotopic if and only if 

(^{qo) = cr(g'i). 
In particular P(2. 2; K) has four connected com,ponents. 

Proof. Notice first that the four cases we described correspond to the following 
situations: 

(1) : both e'^o and e'^^ belong to mt{K); 

(2) : one among e'^" and 6*^^ belongs to mt{K) and the other does not; 

(3) : both e'^° and e'"^ do not belong to K and p{R^) HK = {0}; 

(4) : both e'^° and e'^^ do not belong to K and p(R^) D K. 
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Clearly if cr(qo) = cf{qi) then qo and qi are if-liomotopic; first make a liomotopy 
from qo to the map po given by lemma 1221 Then rotating the vectors e'^" and e'^^ 
gives a homotopy between po and pi , where pi comes from the lemma applied to 
qi] this homotopy is a iiT-homotopy because cr((?o) = o'(9i) (the reader can check it 
simply drawing a picture) . Finally perform the homotopy from pi to qi . 
On the contrary if qo and qi are X-homotopic, then also po and pi are X-homotopic. 
If cr{qo) 7^ cr((7i), then the homotopy joining po and pi must have zero discriminant 
at a certain point ps, s e [0, 1]. Let : — > Q(M^) ~ M'^ be the map cj ojps; 
then |5j is a linear map from to M.^. Since the set of linear maps L : — >■ R'^ 
with rank less than or equal to one has codimension two, then we may assume 
rk(|5j,) = 2 : if there is a X-homotopy pt between po and pi then there also is a 
if-homotopy avoiding the codimension two set of maps with not maximal rank. 
The nondegeneracy condition of Ps traduces in the following condition for the linear 
map (see [1] ) : 



Thus if we set Z = {q e Q(M^) | det(g) = 0}, then we have Ps(K^) intersects Z in 
a line I. Now in principle three possibilities can happen: (i) p^(K°) D I C int(_ftr°), 
in which case Ps would be degenerate with respect to K; (ii) Pg{K°) n I C dK°, 
a case which has codimension at least two and thus that can be avoided; (iii) 
p^{K°) n I — {0}, in which case ps is nondegenerate with respect to K. 
Thus if the discriminant of ps vanishes performing a if-homotopy between maps 
Po,Pi with positive discriminant, then it can happen only in the way described in 
lemma [22] and thus, recalling the proof of this lemma, we have <y{po) = cr(pi) which 
concludes the proof. □ 

We move now to the classification of if -homotopy classes in Q{m,2; K). We 
adopt the following convention: if qi, . . . ,qk are quadratic maps with qj € Qinj, 2) 
for j = 1, . . . , fc, we define the quadratic map qi (B ■ ■ ■ (B qk = 9 G Q('^i + • • • + J^fc, 2) 
by the formula 



The following is a classical result. 

Lemma 24. Let q in Q{m, 2) such that A{q) ^ 0. Then there exist qj E Q(2, 2) 
for j — 1, . . . ,1 and pk G 2(1, 2) for fc = 1, . . . , 6 such that 21 + b = m and 



In particular lemma [24l implies that if q €E Q(m, 2; K) then each qj must belong 
to Q(2, 2; K) and each pk to Q(l, 2; K). 
For our purpose we need the following lemma. 

Lemma 25. Let qo G Q(m, 2; K) such that qo — sq (B r with r G Q{m — 2, 2; K), 
s £ Q(2,2;K) and A(so) < 0. 

Then qo is K -homotopic to a map qi = si ©r such that (t(si) = [ujljz] and A(si) > 



V77 G X°\{0}, Vy e ker(77p,)\{0} 3veT^K° s.t {d,jp,v){y) > 0. 



k 




q^{(Bqj)(B{ (B Pk)- 

3=i k=l 



Proof See [I] 



□ 



0. 
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Proof. Consider the if-homotopy st we built when we proved that A(so) < then 
(t(so) — [wcjz] and stop this homotopy once we reach a map s — st with zero 
discriminant. Thus suppose we have a iC-homotopy St between sq and s. We define 
qt = St © r; then we have qt{x) = {x'^ Qi{t)x, x'^ Q2(t)x) with 

If w = {'Wi,W2), then 

run n I n fn ( WiSi{t) + W2S2it) \ 

wQ{t)^wMt)+W2Q2{t)=(^ u;ii?i+^2i?2 j 

Suppose there exists r e (0,r) such that Qt- is degenerate with respect to K; 
then there would exist a nonzero vector x — {xs,Xr) G x M™^^ and a covector 
w S /ir°\{0} such that Qrix) S and w{dqr)x = 0. Since {dqr)x = a;-^(w(5(T)) then 
= 0, because for Xs ^ the linear map w{dsr)xs = a^s"^(wi'S'i(T) + W2S2{t)) is 
nonzero; thus r'(xr) = ^(a;) G iiT and Xr^{wiRi + W2R2) — against the fact that 
r is nondegenerate with respect to K. Thus we showed that for t ^ T the map qt 
is nondegenerate with respect to K. 

On the other side for t = T we have {dqT)(xs.Xr) — {dsT)xsPs + dr^^Pr, where Pg 
and Pr are the projections on the subspace respectively of the first 2 coordinates 
and the remaining m — 2. 

Thus suppose (a;s,x,) ^ (0,0) and qT{xs,Xr) G -f^- Then two cases can happen: 
Xg ^ and = 0. If Xs then no supporting hyperplane for K contains 
the image of the differential idqT)(xs,Xr-) because no supporting hyperplane for K 
contains the image of the differential {dsT)xs'y if — 0, since r is nondegenerate 
with respect to K , then no supporting hyperplane of K contains the image of the 
differential {dqT)(o,xr) = dvx^ - Thus in both cases qr is nondegenerate with respect 
to K. 

Let now {sn}n>i C Q(2, 2; K) be a sequence of maps such that for every n we have 
(t(s„) = [wwz], A(s„) > and s„ — s^- 

If we define (/„ = s„ © r, then clearly (7„ — > gj^. Since Q(m, 2; ii') is open in Q(n, 2) 
and is nondegenerate with respect to K, then there exists n such that is 
nondegenerate with respect to K and g^i is i^-homotopic to qx- 
Let finally si = s^r, gi = si © r = and be the composition of the two K- 
homotopies from go to qr and from qr to qn. Then cr(si) = [cjwz], A(si) > and 
qt is the required -R'-homotopy. □ 

We describe now a procedure to associate to each q G 2; iiT) a word of to + 1 

letters on the set of characters {u!,u!, z}. 

Again let A : Q{m, 2) — )• R the discriminant of the equation det(a;p) = : it is 
a polynomial function and {A(p) = 0} is a proper algebraic set; hence q is K- 
homotopic to q' with A(g') ^ 0. Applying lemma [Ml we get that q is /iT-homotopic 

lb, 

to a map of the form ( © gj) © ( ffi Pk) with each qj and each pk nondegenerate with 

i=i fc=i 

respect to K. Lemma B5] allows now to change each qj with A(gj) < in a q'j with 
A(g^) > without losing nondegeneracy w.r.t. K. Thus there exist e*^% . . . , e*^"* 
such that g, up to iiT-homotopies, is of the form: 

m 

q{x) = q{xi, . . .,Xjn) = y^e'^^^Xj^ 
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Slightly perturbing the e'^'-' 's (which does not affect nondegeneracy w.r.t. K) we 
may assume 9i ^ ±9j for i ^ j and 9j ^ fc7r/2 for A; e Z and j = 1, . . . ,m. 
If we consider the index function i+ for such a q, then we can mark the points where 
it jumps by u) if the jump is positive and by w is the jump is negative; exactly as 
we did for the case q e Q{2, 2; K) wc associate a word s{q) to q by writing the 
characters we meet by moving clockwise on the circle from w to —w. 
Again the word we obtained can be thought as the "derivative" of i+ (as it keeps 
track of the jumps of this function) and we can obtain the value of i"*" by "inte- 
grating" this word; for the moment this concept is purely intuitive, but we we will 
discuss this later. 

We notice that a lot of possibilities can happen and we introduce the following rules 
to change one word into another: 

Rules. 

(A) sia)zs2 = sizil}S2'- we can commute a) and z; 

(B) su = cos for every word s with characters in {z,uj,u)} : if a) is the last 
character of one word, we can cancel it and place u! at the beginning of the 
word as the first character; 

(C) siu)S2i0S3ZS4 = siu)S2u;s3ZS4 for every choice of words si,S2,S3,S4 with 
characters in {w,^} : we can commute io and co to the left of z. 

We will see that each rule correspond to a precise JsT-homotopy between two 
quadratic maps and that the previous are exactly the i^-homotopies we can perform. 
In view of this idea we give the following definition. 

Definition 26. We define 5(171,2; K) to be the set of equivalence classes of words 
of maps q G Q{m, 2; K) under the relation that two words are equivalent if and only 
if we can change one into the other with the previous rules. We let a{q) be the class 
of s{q) in S{m,2; K). 

Before proving the main theorem of this section, we first prove one useful lemma. 
If g G Q{fn, 2) is given by 

n 

q{x) = q{xi,...,Xn) = ^e^^^Xj^ 
then for every pair of distinct indices (a, b) we define qab G Q(2, 2) by 

qab{Xa, Xb) = e'^"Xa^ + e^^^Xfc^. 

Lemma 27. Let q G Q(to, 2) be defined by 

m 

q{x) = q{x-i,...,Xm) = ^e'^-'Xj^. 

Then q is nondegenerate with respect to K if and only if qab is nondgenerate w.r.t. 
K for every pair of distinct indices {a, b). 

Proof. Clearly if q is nondegenerate w.r.t. K then for every pair (a, b) of distinct 
indices qab is nondegenerate w.r.t. K. 

Viceversa suppose q is degenerate w.r.t. K and let us prove that there exists a pair 

of distinct indices (a, b) such that qab is degenerate w.r.t. K. 

Degeneracy of q implies that there exists a nonzero vector x = (xi, . . . , Xm) and a 
covector uj e ii'°\{0} such q{x) G K and codqx = 0. 



22 



A. LERARIO 



If all the components of x but Xj were zero, then for every I ^ j we have qij 
degenerate w.r.t. K. 

If X has k > I nonzero components, the first k for example, then since 

k 

dq^ = 2xje^^^dxj 

all the vectors e^^^ , • ■ • , e'^'= must be collinear, otherwise the rank of dq^ would be 
2 (against the fact that there exists uj G K°\{0} such that udq^ = 0). 
jf gi^i _ gt02 = . . . — g«Sfe then it must be e'^^ e cJiiT and thus is degenerate w.r.t. 
K; if among e*^^ , • ■ • , e'^'= there are two vectors with different signs, for example 
e*^^ and e*^^ , then nondegeneracy of q implies no one among e'^^ , • ■ • , 6*^*= belongs 
to int(ii'); thus either one among them coincides with one generator of the cone K 
or q(x) — and thus qi2{xi, X2) = e A' : in both cases qi2 is degenerate w.r.t. K. 

□ 

Everything is ready now for the proof of the following theorem, which classifies 
if-homotopy classes of Q(m, 2; K). 

Theorem 28. The set S{m, 2; K) calssifies K -homotopy classes of Q{m, 2; K) : 
two maps (7o, qi G Q{m, 2; K) are K -homotopic if and only if 

Moreover the sequence of rules we have to apply to change s((7o) to s{qi) describes 
one possible K-homotopy. 

Proof. Thanks to lemma[27lif q G Q(m, 2; K) and we perform a rotation of the e'^^ 's 
such that for every pair of distinct indices (a, b) the map qab is nondegenerate, then 
the result is a if-homotopy. Thus every rule corresponds to a precise iiT-homotopy 
and cr((7o) = o'('7i) implies qo and qi are /-C-homotopic. Moreover from the proof 
of lemma [25] it follows that if g = r ® s with s G Q(2, 2) and A(s) < then 
q is nondegenerate w.r.t. K if and only if r is; thus iterating the reasoning, if 
g = wi ©• • - Wfe ©si ® • • - ©s/ with the vj's representing maps in Q{1,2;K) and the 
Sj's maps in Q{2,2;K) with negative discriminant, then q is nondegenerate w.r.t. 
K if and only if ?Ji © ■ • ■ © Wfe is nondegenerate w.r.t. K. Moreover if 

s{vi ® ■ ■ ■ (B Vk) = U1ZU2 

with ui and U2 words in {ll),uj}, then we have 

a{q) = [s{vi © ■ • • © -yfc © si © • ■ • © s/)] = [(wa))'uizu2] 

where by (ww)' we mean the word ujuj repeated I times. 

We prove now that if qo and qi are X-homotopic, then a{qo) = (7{qi). 

First notice that we may assume qo and qi are in the form given by lemma 1241 

As before we may suppose the if-homotopy is generic (i.e. we can avoid sets of 

codimension grater or equal to two). To a given q G Q{m,2) we can associate a 

linear map ^ ; R-^ — )■ ~ M 2^ by the correspondence u 1— > uq. The set 

of linear maps L : — >■ Q{M."^) with rank less or equal to one is an algebraic 

subset of codimension greater than one, hence it can be avoided (i.e. if there is 

a if-homotopy qt then there is also one with rk{qf) = 2 for every t). The set of 

linear maps L : M.'^ Q(M™) such that the image of L is tangent to Z = {q € 

Q(K™) I det(g) — 0} in at least two distinct lines has codimension greater than one. 
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hence can be avoided: generically a X-homotopy will meet {A(g) — 0} only a finite 
number of time and in these cases only two roots of det(a;g) = will coincide. 
Let A be the set of maps in Q(m, 2; K) with exactly two equal roots of the equation 
det(ajq) = 0. Thus let qt be a generic JC-homotopy (in particular A((7i) ^ and 
Afe) ^ 0). 

It is sufficient to show that each time we meet A the class of the word does not 
change. Suppose = wi © ■ • • © Ufe © si ® • ■ • © s; for ii < T, qT ^ A and 
9*2 = w'l © ■ • • © w'a © s'l © • • • © s'h for t2 > T, where the w^-'s and the u'^-'s 
represent maps in Q(l, 2; K) and the remaining s'^'s and s/s are in Q(2, 2; if) and 
have negative discriminant. We adopt the convention that if there are no maps of a 
certain type, then the corresponding number in {fc, Z, a, 6} is zero. Assume between 
t\ and t2 the discriminant of qt vanishes only at T. 

When qt meet A two roots happen to coincide. These could be real before T and 
real after, or real before T e complex after or viceversa. 

In the first case qt^ = u'l © ■ • • © w'fc © s'l © ■ • ■ © s'/ and (j(vi © • ■ • © Wfe) = 
(y{v' \ © ■ • ■ © w'fc) (we simply performed a rule); thus recalling what we stressed at 
the beginning of the proof, we have aijqti) — '^(9*2)- 

In the second case two real roots became complex (switching t\ and ti we get 
the other case): then it must be <T{qti) — [{ujLuyuizu2] with I > 1 and [U1ZU2] — 
cr{vi © • • • © Vk)- In this case = w'l © • • • © v'k-2 © s'l © • • • © s'i+i and thus 
^(9*2) = [(a;a))'+^u'izu'2] with a{v'i © • • • © v'k-2) = [M'izu'2]. On the other side, 
assuming the last two roots became complex, then because of nondegeneracy they 
could have done it only in the way described in lemma[22l Moreover from lcmma[27l 
it follows that the if-homotopy between qt^ e qt^ induces a if-homotopy between 
vi®- ■ ■(Bvk-2 and w'l©- • ■(Bv'k-2- Since during this last homotopy the discriminant 
never vanishes, then a(vi(B- ■ •©Wfe-2) — ^{v' i(B- ■ •©w'fe-2) and thus <j{qti ) = (7{qt^). 
This concludes the proof. □ 

We can choose a canonical representative for [s(g)] G S{n,2]K) and adopt the 
convention that a;'', with r g N, means that the character x is repeated r times. In 
this way we have that each q e Q(m, 2; K) is if-homotopic to a map q' of the form: 

s{q') = w"zt2;''cj"it2;''i •••w'-w'*'- 

with a + h + ^Cj + ^dj — m. 

Here is the "integration" method we mentioned to reconstruct the index function: 
if 7? G K° n and r\^uj,^(b: 

a ^ b c-\ ^ d-i / \ ^ rf^ 

oj zoj Lu ^ui ^ ■ ■ ■ {rj) ■ ■ ■ oj ^uj ^ 

then we have 

i+(r7) = A(77) +p(?7), 

where Mr]) is the number of Cj in s{q) on the left of 77 and ^(77) is the number of cj 
in s{q) to the right of 77. 

Thus we can reduce the study of possibilities for the topology of Y to the com- 
binatorics of words as above; in particular we have the following estimate for 
X — p{Y) C MP", where p : S" MP" is the covering map. 

Proposition 29. Let q : M"+i be non degenerate with respect to K = {xq < 

0, xi < 0} and X = {[x] G RP" | qo{x) < 0, qi{x) < 0}. Then for every fc £ N we 
have 

bk{X) <k + 2. 
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Moreover, in the case hk[X) = fc + 2, then rk(j* : Hk{X) i7fe(KP")) = 1. 

Proof. We start by proving the inequahty 

bain"-''') <k + 2 

for the canonical representative q' of a map g e Q(n +1,2; if). 
Assumnig 6o(ri"~'^) > 2, we have that there exist 771,772 G ^ such that i^(77i) = 
i"''(^2) = ri — k and the index function decreases and increases at least once between 
them; thus the word s{q') must contain the string of characters (ljljY for a certain 
r > between 771 and 7^2. Since we are searching for the maximum of 60 (il"^*^) this 
implies that the word for q' must be the following: 

s{q')=uj''zuj''{LJLuY{r,2) 

for certain a,b,r > 0, where the 772 in parenthesis indicates the position of 772 on Q. 
In particular we may assume a = and since i''" (772) = n — k we have b + r — n — k. 
On the other hand b + 2r = n + 1; combined together we get r = k + 1 and 
b — n — 2k + 1. For such a choice we see that feo(f^" = k + 2 and since it is 
maximal the inequality follows. Now, using theorem |9] we have that 

bk{X) ^ e^'"-*^ + boifl''-'') - 1 < boin''-'') <k + 2 

where e'^'"^'^ = ik{j^,)k; finally notice that in the first inequality we have equality 
if and only if rk(j*)i; = 1. 

□ 

As a corollary, using the transfer exact sequence (which certainly exists since 
X and Y are semialgebraic compact) with Z2 coefficients for the double covering 
Y — > p{Y) (see jT2]) we have the following. In fact this sequence yields for every 
A: > the inequality bk{Y) < 2bk(X); notice that this inequality is not sharp, as 
the case S" MP" shows. 

Proposition 30. Let q : W"+^ be non degenererate with respect to K = 

{xq < 0, Xi < 0} and Y = q^^{K) f] S"". Then for every k we have 

bk{Y) < 2fc + 4. 

We deal now with the topological complexity of X. For i+ : — > N we define 
the number 

c(f]) = ^5(17^) 

and we prove the following. 

Proposition 31. Let q be in Q{m, 2; K) such that 

s{q)^uj''"zuj''°uj''' ■■■LO^'-Lo''-. 
Then the following formula holds: 

c{fl) + ao = ^(fli + bi) 

Proof. Let = ili UO2 with fii and ^2 two closed arcs with intersection ili nr22 = 
{77}. The (semialgebraic) Mayer- Vietoris sequence gives for every j the equality 

bo{n^)^bo{ni) + bo{ni)-bo{{vy) 
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where we denote by the set Q.^ C\C; summing over j > 1 the previous equation 
gives: 

c(n)=c(f]i)+c(n2)-i+(?7). 

Let now be decomposed in the two arcs [zuj''°rj\ and [lya;"^ • • • w''"']; then, recahing 
the formula 1^(77) = A(?7) + p{vi), the above computation gives 

c{il) = c([zw''°77] +c([?7w'^i •••cj''-]) -i+(77) = c{[r]uj''' ■■■Cj^^]). 

On the other hand writing [quj"-^ ■ ■ ■lu^''] as the union of the two arcs [770;"^ 77'] and 
[rj'u^^ ■ ■ ■ (jj^^] the same computation now gives: 

c([77cj'^i • • • Lj'''']) = ai + c([77'w^i • • • cj''-]). 

Repeating this procedure until we pass all the w's we end up with: 

c{n) = ^a, + i+(7) = ^a,+'^b, 

i>l i>l i>0 

where 7 G 17 is clockwise after lu^'' and again we used the formula i^(7) = A(7)+p(7) 
for its index. This concludes the proof. □ 

As a corollary we get the following estimates. 
Corollary 32. Let q be in Q(n + 1, 2; K); then the following sharp estimates hold 
6(MP"\X)<n + l and b{X)<n + l. 

Proof. The first formula immediately follows from theorem|6l For the second bound 
notice that /i > J2i>o ^^'^ l^ — ^i>i ^i'^ since theorem IH] implies 

b{X) = c(0) + n + 1 - 

the conclusion follows. The quadratic map q such that s{q) = z(cjtZ')' for n + 1 = 
21 and s{q) = ajz(cja))' for n + 1 = 2/ + 1 attains the maximum, as it is easily 
verified. □ 

In the next section we will see that these estimates hold also removing the as- 
sumption of nondegeneracy with respect to K. 

8. General bounds for systems of two quadratic inequalities 
We start by proving the following lemma. 

Lemma 33. Consider q G Q{n + 1, 2) and K — {a;o < 0, xi < 0} C M^; then there 
exists q' G Q{n + l,2]K) such that Y{q) = q-^{K) n 5" has the same homotopy 
type ofY{q') — q' ^{K) H S'". The same result holds true for X{q) — p{Y{q)) and 
X{q') = p{Y{q')) defined as in the previous section. 

Proof. If q = {qQ,qi) then Y{q) — q^^{K) fl 5" coincides with the set of solutions 
of the following system: 

go (a;) < 
<Zi(2;) <0 

Xl^ H h Xn+l^ = 1 
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By semialgebraicity the set of solutions of the previous system is a deformation 
retract, for smaU eo > and ei > 0, of the set Ye{q) of the solutions of the following 
one: 

qoix) < eo 
'Zi(a;) < ei 

Xl^ H h Xn+l^ = 1 

In other words Y(q) has the same homotopy type of Yf:{q). 

To conclude the proof it is sufficient to show that there exists q^ = q' e Q{n+1, 2; K) 
such that Y{q^) = Y^{q). 

Thanks to Sard's Lemma we choose two real numbers eg and ei such that (eo,ei) 
is a regular value of q, such that is not an eigenvalue of Qi, i = 0, 1 and such 
that Y{qf) and Y{q) are homotopically equivalent (this last condition is satisfiable 
since the set of (eo,ei) satisfying the first two conditions is the complement of a 
one-dimensional semialgebraic set). In this way the quadratic map q^, defined by 

qe{x) = {qo{x) - eollxf ,qi(a;) - eil|a;f ) 

is nondegenerate with respect to K. 

The condition (eo,ei) is a regular value of q guarantees nondegeneracy at {0}, 
while the condition that ei is not an eigenvalue of Qi, for i = 0,1, guarantees 
nondegeneracy at dK. 

The set Y{q^) coincides with the set of the solutions of 

qo{x) - eoWxf < 
qi{x) - ei\\xf < 

Xl^ H hx„+i2 = 1 

and thus with the set Y^{q). 

The proof works the same in the projective case. □ 

In particular the previous lemma tells that for a general q € Q(n + 1,2) and 
K = {xq < 0, xi < 0} we still have the estimates of the previous section. 

Corollary 34. If q e Q(n + 1,2), K ^ {xq < 0, xi < 0} andY = q-^iKnS"^), 
p{Y) C MP", then we have 

6fc(r)<2fc + 4 and hk{v{Y)) < k + 2. 

Similarly using corollary |32] we also have the following linear bound for the 
topological complexity of X = p{Y) C RP" . 

Corollary 35. Let X he the set of the solutions of a system of two quadratic 
inequalities in RP". Then: 

b{X) <n + l. 

Remark 3. Estimates on the Betti Numbers of system of quadratic inequalities are 
given in the general case in [SJ and [6j; in the case of intersection of quadrics in 
projective space estimates on the number of connected components are given in jlO) . 
In particular, following the notations of |10j . we can denote by B^{n) the maximum 
value that the fc-th Betti number of an intersection (not necessarily complete) of 
r + 1 quadrics in RP" can have. There it is proved that for complete intersections 

< ^K^-l) + 2, l=[n/2] + l. 
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9. Bound for the intersection of two quadrics 

In this section we mean to give a bound, linear in n, for the sum of the Betti 
numbers of the intersection X of two quadrics in MP". This bound wih improve the 
standard Barvinok's one, which is of the form 0{n)^ (see[4 ). 

Theorem 36. Let X be the intersection of two quadrics in RP". Then: 

h{X) < 3n + 2 

Proof. Consider the map q above defined; it maps the circle 5^ to the space Q(n + 
1); this map is real algebraic and by a standard result (see section II. 6. 2 of [13] ) 
there exist analytic functions ai, . . . ,a„+i defined on the circle representing the 
eigenvalues of the previous family; such result is certainly false for an algebraic 
family of symmetric matrices depending on more than one parameter. Notice that 
these functions are not ordered, as it was the case for Ai, . . . , Xn+i- Let us fix an 
orientation of the circle and consider a general point 77 on it. Let also e > be small 
enough; then by analiticity of the functions ai, . . . , ctn+i, the following numbers are 
well defined: 0(77) and 6(77) are the number of that are positive and strictly less 
than e respectively in a small left and in a small right neighborhood of 77. We also 
set 0(77) = b{—r]) and d{r]) — a(— 77). By 1/(77) denote the multiplicity of 77 as a 
solution of dct{ujq) = 0. With this setting the following inequalities hold: 

0(77) + cirj), b{T]) + d{-q) < v{r^). 

Moreover at the point —rj the same numbers are defined and {a,b^c,d){—r]) = 
{d,c, b,a){ri). 

Consider now a proper closed convex cone K in M.'^ and 

c= [770,771] = 51 

(the notation [770,7/1] indicates that C is the arc on the circle joining 770 to 771 
clockwise). Let now rj be in [770,771] such that there are no points of discontinuity 
for i"*" on [770,77) (thus 77 can be either a point of discontinuity or of continuity for 
i+). Let also 77' be a point in (77,771] where i+ is continuous and such that 77 is the 
only possible point of discontinuity for i+ in [770, 77']. If we denote, as above, by c(C) 
the sum J2k>o ^o{C^''~^^), then from the semialgebraic Mayer- Vietoris sequence for 
the pair ([770,77'], [77', 771]) we get the formula: 

c{[VO,m]) = c([7;o,77']) +C([77',77l]) - c({7;'}). 

On the other hand c{[i]o, rj']) equals 1^(77) + 0(77) + 6(77) and c{{ri'}) equals 1^(77') — 
1^(77) + b. Thus we have: 

c(['7o,'?i]) = a{v) + c{W,Vi])- 

In a similar way choosing [cj',771] containing only one possible point uj of disconti- 
nuity for i+ we get: 

ciblQiVi]) = c([?7o,'^']) + b{^)- 
If we let now 771, . . . , 77; be the points of discontinuity for i+ on [770, 771] we get: 

c([77o, 771]) = i+(77i) + <n.) = i+(^^o) + ^(^^)- 

i i 

Let now be divided into two symmetric arcs Ci and C2 = — Ci such that 
Ci n C2 consist of two points /3, — /3 of continuity for 1+. Moreover consider the set 
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{rji, . . . ,r]s} of all the points rj € Ci such that 77 or —rj is a discontinuity point for 
i^". Then we have 

2c(Ci) < i+(/3) + i+(-/?) + + E ^(^») 

and similarly, recalling that CL{—r}) = (i(r/) and b{—r]) = c(?7) : 

2c(C2) < i+(/3) + i+(-/3) + 5] d(77.) + E c(77.). 

■i i 

In particular, since 0(77^) + 0(772) < 7^(772) and 6(77^) + ^(77^) < 7/(77^), summing the 
two previous inequalities gives: 

2(c(Ci) + c(C2)) < 2(i+(/3) + i+(-/3) + E 7.(77.)). 

i 

Since by definition we have that both the quantities i'^(/3) + i+(— /?) and J^i ^{Vi) 
are less than 71 + 1 we have: 

c(Ci) + c(C2) < 271 + 2. 

Consider now the semialgebraic Mayer- Vietoris sequence for the pair (Ci,C2); it 
gives: 

c{n) < 271 + 2 

and since by theoremlHlwe get h{X) < c{fl) + ti — 2/i (/i is the maximum of i+ and 
the case of constant index function is excluded since this gives b{X) < 77 + 1) this 
finally gives: 

b{X) < 377 + 2. 

□ 

The previous bound is clearly not optimal, but it suffices to show that the ex- 
ponent of the standard bound b{X) < 0{n)^ can be lowered; moreover the same 
estimates clearly holds for any X the set of the solutions of a system of two qua- 
dratic inequalities. 

References 

[1] A. A. Agrachcv: Topology of quadratic maps and hessians of smooth maps, Itogi nauki. 

VINITI. Algebra. Topologiya. Geometriya, 1988, v.26, 85-124. 
[2] A. A. Agrachev, A. Lerario: Systems of quadratic inequalities, larXiv:1012.5731l'2. 
[3] A. I. Barvinok: A course on convexity, AMS, 2002. 

[4] A. I. Barvinok: On the Betti numbers of semialgebraic sets defined by few quadratic inequal- 
ities. Discrete and Computational Geometry , 22:1-18 (1999). 
[5] S. Basu, M. Kettner: A sharper estimate on the Betti numbers of sets defined by quadratic 

inequalities. Discrete Comput. Geom., 2008, v. 39, 734—746 
[6] S. Basu, D. Pasechnik, M-F. Roy: Bounding the Betti numbers of semialgebraic sets defined 

by partly quadratic systems of polynomials, J. Eur. Math. Soc, 2010, v. 12, 529—553 
[7] S. Basu, R. Pollack, M-F. Hoy: Algorithms in Real Algebraic Geometry, Springer. 
[8] J. Bochnak, M. Coste, M-F. Roy: Real Algebraic Geometry, Springer- Verlag, 1998. 
[9] R. Bott and L. Tu: Differential Forms in Algebraic Topology, Springer- Verlag, 1982. 
[10] A. Degtyarev, I. Itenberg, V. Kharlamov: On the number of connected components of a 

complete intersection of real auadrics. larXiv :0806.4077 
[11] R. Godement, Topologie algebrique et theorie des faisceaux, Hermann, 1998. 
[12] A. Hatcher: Algebraic Topology, Cambridge University Press, 2002. 
[13] T. Kato: Perturbation theory for linear operators. Springer, 1995. 
[14] A. Lerario, Homology invariants of quadratic maps, Ph.D. thesis, 2011. 



TOPOLOGY OF A SYSTEM OF TWO QUADRATIC INEQUALITIES 



29 



[15] R. C. Thompson: Pencils of complex and real symmetric and skew matrices, Linear Algebra 
and its Applications, Volume 147, March 1991, 323-371. 



